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Report

A project on “A Generalisation of Cramer’s Rule” was under taken by the
students of Department of Mathematics under the guidance of Sri Arabinda
Pandab, HOD Mathematics. It took two months (Feb & March 2020) to carried
out the project. Cramer’s rule is an explicit formula for the solution of a system
of linear equations with many unknowns, valid whenever the system has a
unique solution. It expresses the solutions in terms of the determinants of the
(square) coefficient matrix and of matrices obtained from it by replacing one
column by the column vector of right hand sided of the equations. It is named
after Gabriel Cramer (1704-1752) who published the rule obtaining unique
solution of system of linear equations with arbitrary number of unknowns
same as the number of equations. The students found Generalization of
Cramer’s Rule for Finding Solution of System Ax = b, where A is a Square
Matrix, Generalization of Cramer’s Rule for Finding Solution of System Ax = b,
where A is a Rectangular Matrix, Variational method to obtain solutions of the

systems Ax=b, where A is a rectangular matrix.

Finally, the project was completed and submitted on 10™March 2020.
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Chapter 1

INTRODUCTION

1.1 Introduction

Cramer’s rule is an explicit formula for the solution of a system of linear
equations with many unknowns, valid whenever the system has a unique
solution. It express the solutions in terms of the determinants of the (square)
coefficient matrix and of matrices obtained from it by replacing one column
by the column vector of right hand sided of the equations. It is named after
Gabriel Cramer(1704-1752)who published the rule obtaining unique solution
of system of linear equations with arbitrary number of unknowns same as
the number of equations.

Consider a system of n linear equations with n unknowns, represented
in matrix multiplication form as

Az =b. (1.1)

If A is n x n matrix with det(A) # 0, then the solution of the system (1.1)
is given by the formula:

_ det((A):) . _
z= Tt(A)_' t=1,2,3,..,n,

where (A); is the matrix obtained by replacing the entries in the ith column
of A by the entries

by
by
bn
Consider a system of n linear equations with m unknowns, represented
in matrix multiplication form as

Az =bz € R™be R",m >n, (1.2)



where A = (@;i)nxm is @ n X m real matrix. i.e.,

;
11T + @12T2 + ... + AT = by

a21%1 + Q2223 + ... + Q2 mTm = bz

| @r1Z1 + Gn2T2 + ... + QT = by

We can apply Gauss elimination method to find some solutions of this
systems and this method is a systematic procedure for solving systems like
(1.2); it is based on the idea of reducing the augmented matrix

ay; a2 -+ Qim by
Q) G2 -+ Qam b,
Ay an,? R an,'m bn

to the form that is simple enough such that the system of equations can be
solved by inspection. But, in general there is no formula for the solutions of
(1.2) in terms of determinants if m # n.
When m=n and det(A) # 0, the system (1.2) admits only one solution given
by x=A"'b, and from here we can deduce the well known Cramer’s rule.
Hugo Leiva has found two formulas for the solutions of system of linear
equations, where the number of equations and number of unknowns are not
equal and this formula coincides with the Cramer’s rule when n=m. This gen-
eralized Cramer’s rule, has applications in differential geometry, computing
derivatives implicitly, integer programming, ordinary differential equations

etc.

1.2 Preliminaries:

Definition 1.2.1. (Inner Product Space)
Let z be a vector space. Define (, ) : X xz — C. (, ) is said to be
inner product space if it satisfies the following properties,

(i) (z+y, 2) = (z, 2) + (v, 2)

(i) (az, y) = alz, y)



(iii) (z, y) = (y, =)
(iv) (z, ) >0
z, z) =0if 2=0.

Definition 1.2.2. (Hilbert space)
An inner product space is said to be a Hilbert space, if it is complete

with respect to metric induced from the inner product space.

Definition 1.2.3. (Adjoint Operator)
Let T : Hi — H, be a bounded linear operator, where H,andH, are
Hilbert spaces .Then the Hilbert -adjoint operator 7* of T is the operator

T : H, — H,
such that for all z € H, and y € Ho,

(Tz,y) = (z,T"y).

1.3 Chapterwise Summary

The dissertation consists of three chapters.

This dissertation is to study about the generalization of Cramer’s rule.

Chapter one is all about the introduction, preliminaries and summary
of this dissertation. More precisely, it contains some formal definitions and
results which are essential for a clear understanding of the subsequent chap-
ters.

Chapter two consist of two sections. This chapter deals with the study
of the generalization of Cramer’s rule. The first section gives the formula for
finding solution of system Az = b, where A is a square matrix. In the second
section, we will prove some theorems and discuss some examples regrading to
generalization of Cramer’s rule for finding solution of system Az = b, where
A is a rectangular matrix.

Chapter three deals with the study of a variational method to obtain
solutions of rectangular matrix.



Chapter 2

A GENERALIZATION OF CRAMER’S
RULE

In this chapter we will discuss about the generalization of Cramer’s
rule for finding solution of system Az = b, where A is a square matrix and
rectangular matrix. Also, we will prove some theorems and discuss some
examples regrading to generalization of Cramer’s rule.

2.1 Generalization of Cramer’s Rule for Finding Solution of Sys-
tem Az = b, where A is a Square Matrix

A simple and interested generalization of Cramer Rule is done by Prof.
Dr. Sylvan Burgstahler from University of Minnesota, Duluth, where he
taught for 20 years. This result is given by the following Theorem:

Theorem 2.1.1. [1/(Burgstahler 1983) If the system of equations

3
01171+ 012T2 + ... + Q10 Tn = by

@217 + @22%2 + ... + A2 T = by

(2.1)

(@n1T) + Ap2Z2 + ... + QT = by,

has unique solution xy,xs,...,T,, then for all \; € R,i =1,2,...,n one has

a1 -+ /\151 ay o ER /\2b1 weie g = /\nbl
azy + Mby aza +Axby -0 agn + Asbo
an‘l + Albﬂ an.2 + /\an iy aﬂ_‘n + Aﬂbu
AMZ1+ T+ ..+ AnZp = -1
a1 @12 - Qg
Q21 Q22 -°° AQa2q
n1 Qpn2 ' Qpn
(2.2)
4



aj;+Aby aio+ by o ara+ Anb

asy + Mby aso+ A cee lgn+ A
Prail Lét N = 2,1.12 2,2_252 2, . 52‘

Qn,1 + Albn ap2+ ’\2bn *r Qupapt ’\nbn

By the rules for adding determinants,

ajn+Aby o @ya+Aaby ayn
_|@2a Atby o agp1 + Al agn
an,l =} /\lbn ERR P | = ’\n~lbn aﬂ.,ﬂ
a0+ AMby - Gyp-1+ Al A
- ag1 + Aby o Gga-1+ Anciby Anb;
@a1t+Aby oo Gun-1+Aa1ba Anba
a1+ Mby o Qra-1 G1a
_ |22 +Aby o0 Ggp-1 G2n
[ P Aty --- Ann-1 Qnn
ayj;+Mby - Apaby ey,
az1+Mby o Apaabe agn
T i E .
an..l + ’\ib'n A An—lbn an\n.
a1 +AMby - aa-1 Anb
a9 e /\lb'.l St a3 n—1 AﬂbQ
T . ; s
Qn,) + /\lbn S | e )\nbn
a1+ AMby o0 Apoibr Anb
45 ag1+Atby - Apaby /\nbz
ﬁn1+Alb .. /\n 1b /\b

From the last determinant taking common /\n 1 from (n — 1)th column and
taking common A, from nth column, we see that last determinant vanishes
because it contains two identical columns.




Continuing in this way, we get,

a1 12 - Qa Aby a2 - ayn
Q21 Q22 -+ Q2gq Mby azs - as,

N = i Bl
Apny1 Qn2 *°* Qpn ’\l bn Apn2 - Qpn

a;p a1 v Anby

agy Gzz -+ Anby

an,l Ana ' )‘nbn

Dividing the first determinant in both side of the above equation, we get

am + A]b] (11,2 -+ /\gbw_ s al‘n -+ /\nbl
a1 -+ )k]bg 0.2‘2 + Agbg e 0.2‘,1 + /\nb2
an1 + Albn anpa + /\an R P '\nbn
M1+ AT+ ...+ AT, = -1
ayy a2 - Qp
a1 Q22 -+ Q35
ﬂl-n.l an,2 SRR

O

2.2 Generalization of Cramer’s Rule for Finding Solution of Sys-
tem Az = b, where A is a Rectangular Matrix

Consider a system of n linear equations with m unknowns, represented
in matrix multiplication form as

Az=bz€e R".be R",m > n, (2.3)
where A = (a;i)nxm i @ n X m real matrix. i.e.,

'
a“;rl =+ a12T9 + ...+ A1 mIm = bl

911 -+ g2T9 + ...+ A2 mTm = bz (2 4)

@n1T1 + Qn2T2 + ... + GpmTm = by

6



Now if we defined the column vectors

aj, az Qn,1
a2 azo Qn 2

I1 — 1 jI‘Z = b 1 fn = ]
Ay m a?,m Qyom

then the system (2.4) also can be written as follows:
(Lyz)=b,i=1,2,....n, (2.5)

where (.,.) denotes the inner product in R™ and A is n x m real matrix. A
necessary and sufficient conditon is established for finding out the solution
of the system of equation (2.3) in the following theorem.

Theorem 2.2.1. For all b € R", the system (2.3) is solvable if and only if ,
det(AA*) # 0. (2.6)

Moreover, one solution for this equation is given by the following formula:
z = A*(AA*) ', (2.7)

where A is the transpose of A (or the conjugate transpose of A in the complex
case).

Also, this solution coincides with the Cramer formula when n = m. Infact,
this formula is given as follows:

= det((AA*);
I = Zaj‘i = M =1 2 oy Ty (28)
=1

det(AA") '~ O

where (AA*); is the matriz obtained by replacing the entries in the jth column
of AA* by the entries in the matriz



In addition, this solution has minimum norm,i.e.,
llz|| = inf{||w| : Aw = b,w € R™} (2.9)
and ||z|| = ||w|| with Aw =b & z = w.

Proof. Let us denote (z,y) be the Euclidian inner product in R* and the
associated norm by ||z|| = v/{z,y). Also, we shall use some ideas from [3]
and the following result from [2].

Lemma : Let W and Z be Hilbert spaces, G € L(W,Z) and G* € L(Z,W)
the adjoint operator, then the following statements holds,

[(7)] Range(G) = Z < 3y > 0 such that

IG*2||lw = 7]zl 2 € Z.

[(#9)] Range(G) = Z « ker(G*) = {0} & G* is 1 — 1.

The matrix A is a linear operator A : R" — R™. Therefore A €
L(R™, R") and its adjoints operator A* is the transpose of A and A* : R* —
-l
Then .system (2.3) is solvable for all b € R", if and only if the operator A is
surjective. Hence, from the above lemma there exists ¥ > 0 such that

Azl gm > 7vl|2l| rn, 2 € R”

le..
14" 22 > 7l2]%n, 2 € B”
ie.,
A*2,A*2) 2 ¥?|z||%0, 2 € R®
R
l.e,

(AA*z,2) > 72|30, 2 € R™.

This implies that AA* is one to one. Since AA* is a n X n matrix, then
det(AA*) # 0.
Now suppose that det(AA*) # 0. Then (AA*)~! exists and given b € IR".




Here z = (AA*)~!b is a solution of Az = b.
Now, since z = (AA*)~1b is the only solution of the equation

(AAYw =b
, then from the Cramer’s rule we obtained that:

_ det((AA')) | _ det((AA)y) _ det((AA"),)
T Tdet(AAY) 2T Tdet(AA) U T Tdet(AAY)

where (AA*) is the matrix obtained by replacing the entries in the ith column
of AA* by the entries in the matrix

by
by

br

Then, the solution z = A*(AA*)~'b of (2.3) can be written as follows

- det((AA*),) T S det((AA*);) T
a1y a1 -+ apm b] | det(AA* BRI, defEAA'}
- S " o | | det(A47)) 0, det((AA%),)
g |72 UM T Cim T det(AA*) | = | == det(AAY)
Qn1 Qn2 “** Gpm bn det((A-A‘),,) — d.el((AA‘),.)
| “det(AA,) J &=t T ge(AAY)
Hence,

ey M.

", det((AA%),)
g = il 1 =1,2,.
™= L a0
Now, we have to show that this solution has minimum norm. Let us consider

w in R™ such that Aw = b and
lwl? = llz + (w - 2)|I* = [|z]|* + 2Re(z, w — ) + |lw — z|]?

on the other hand,

(z,w—2) = (A*(AA*)"'b,w—1) = ((AA*)"'b, Aw—Az) = ((AA*)"'b,b—b) = 0.

9



Hence, |lw||? - ||z||* = |lw — z||* > 0.
Therefore, ||z|| < ||w|, and ||z]| = ||w|| if z = w.

O

The solution of the system of equations (2.3) as written in (2.7) can also

be expressed in different form, which is proved in the following theorem.

Theorem 2.2.2. The solution of (2.3) is given by

10l + @by () +anby -+ (L, ln) + aniby
(I!z-ln) +a1:b2 "12“2 +a21b2 et (Ilu'{n) +amb‘2
(h 1 Jﬂ) G alib:Z ('!'lvln> a‘?ibn i “111“2 + anibn
Ti=
”ll "2 <£11E2> o (tlsln)
(o, L) > -+ (l2)ln)
(b)) (lasla) ---  [llall?

o I T A [

(2.10)

In the following, we will verify this theorem for n=2.

Let us consider, the following system of equations,

ay 1Ty r 1 ) 9Ty = bl

Q3171 + a22T2 = b,.

a1 a2 ay1 a4z
Here A = Y :
az) QG2 ay2 Qa2

ane = [0 @2 [ ea] _[la @]
G21 G22] |G12 Q22 (I, ) [

Now, det (AA*) = ||L|[|i2]1* — [{, L) .
As per the solution in (2.7), we have

weey

N~ det((AA%);) .
II_Z:aj,l_ det(AA*) ) 1—1,2,

j=l1

10



e det(AA*), i det(AA*),
T det(AA%) T P det(AA)

by (l1,1a) L2 &
by |2 (L, 1) by
= Q) = + - i
1Ll? (G, l2) Ll ()
(lo,lh) |l2]? (o, L) |2l
For i=1
5 i a1 by ||‘52H2 — anba(ly, o) + anbsy|| L ||* - 02151(32750‘ (2.11)
IulP )
(l2,lr) L]l
As per the solution in (2.10),
L2 + annby (I, l2) + aniby
(la, ln) + aniby  ||l2||* + ag1b,
By = =
Ll (G, )
(I, 1) |2
anb||la]|? — anba(ly, bo) + azibs||ly||> — az1bi (I, 1) (2.12)

1Ll ()
(L, ) ||

We get the same solution for z, in equation (2.11) and(2.16) obtained
by the two formulas as in (2.7) and (2.10).

Theorem 2.2.3. The system (2.3) is solvable for each be R™, if and only if
the set of vectors l,,l,,...,1,, formed by the rows of the matrix A is linearly
independent in R". Moreover, a solution for the system (2.3) is given by the

follownng formula :

7i = vl + vl o= < by SuilPe),  (213)
n—1
+...+ t‘n((bn — Z < ll,'U,' > C,'): 1= 1.2, AR 7 1
i=1
11



Where the set of vectors v, v,,...,v, are obtained from {ly,l5,...,l,} by the
Gram Schmidt process and the numbers ¢y, ¢y, ..., ¢, are given by

4
c = b]
ca = by— < by, vy > |lui]]?ey

{ c3 = b;;— = 53,‘!)1 > ||U1||201— < Is,’UQ > ”'U2||2C2 (214)

\Cn=bn— ?;;(ll,i)")C"

and v; = [vi1, Vig, Vig-.., Vi), 1 = 1,2, ..., 1.

Proof. Suppose the system is solvable for all b € R". Now, assume the
existence of real numbers ¢', i = 1,2, ..., n such that

cili +ely +e3lz+ ...+ cpl,, = 0.

Then, their exist x € R™ such that
1121 + 129 + ... + AT, = C)

(12_1.’.[.'1 =+ (1.2'21'2 + ... + A2 mIm = C2

an,lxl + an,’z:’:? S el ApmTm = Cp.

In other words,
2lg = =12,

Hence,

<gl,z>=¢c, i=12,..,n

So,
< C]-‘El + Cgig + C;;Eg -+ ‘.‘cnim.r >= C? e Cg == C§ + ...+ Ci = 0.

12




Therefore, ¢, = ¢ = ¢3 = ... = ¢, = 0, which proves the independence of

{, o, .,

ln}. Now, suppose that the set {l;,ly,...,1,} is linearly independent

in R™. Using the Gram-Schmidt process we can find a set {vy,vy,...,v,} of

orthogonal vectors in / R™ given by the formula:

f

v =,
< [2,1‘1 >
vy = lp — 5 Ul
UUIH > _ <l >
. 3, U 3, U2 )
M s 'ﬂv
! oz
Then, system (2.3) will be equivalent to the following system:
i <U,T >=0
< U, T >= C9
‘4 < VU3, T >=C3 (216)
(< Un, T >=¢p
where )
= bl
e <l =
2 2 __JU1||2 1 t
<3, v > < 3,V >
cz3=bg— ——¢ — ———c 2.1
1975 Tulr @7 Tl © i
e =il lfa—-1<lnavi> _
e T

If we denote the vectors v!s by

vi= sl 4=1,2..n,

13



and the n x m matrix v by

Vig 12 - Uim

U1 U2 - Uam
’}* =

Uni Un2 °*°* Unm

using Theorem (2.2.1) we obtain that system (2.16) has solution for all
C € R", if and only if, det(yy* # 0). But,

foi 2 (vr,09) «-- (v1,0n) [ 0 0
o |2v) Nl - ()] | O fwl? -+ 0
(vn,01) (vn,v2) -+ [l vn|? 0 0 - flual?

So det(yy") =[l vi [Pl v2 [I? -~ || va [IP# 0.
Using the formula (2.7), we get.

n—1
z; = vigl|l[Pbi+vallo P (ba— < b, vy >)[|v]er). + Avai(ba— Y < b v > @),
i=1
§=1,2:...m:
O
Example 2.2.4.
Consider the following particular case of system (1.2)
ay1%1 + @1 2% + ... + QT = b. (2.18)

In this case n = 1 and A = [a; 1,012, ..., @1.m].
Then, let us define the column vector is

aj
a2

li=|aal,

¥

_al,n

14



’-01,1
a2
AA® = [ﬂm ayg ~-- al.n} a3 | =|| 1 "2

31, ]

Then, (AA*)"'b=b| 1, ||~ and
arab || L 72

bl |2
= A*'(AA*) b= s ” u

arab || 4|7
Therefore, the solution of the system (2.18) is given by:

_ - o det((AA*);) .
a;,—b a;,—b .

= = = o E = B 2.19
[ D Dy i

Example 2.2.5.
Consider the following particular case of system (1.2)

a1y + 12T + ... + A mTm, = by (2.20)

31%1 + @2%2 + ... + Q2T = bo.

i Qi1 Q12 - U1m '
a1 Q22 *°*0dam

In this case n=2 and

a1 a1
a2 a3 2
li= |az], la= |as]|,
_al,m_ _0'2,111_
15



then ) .
a1 Q21
12 Qa2
AA® = '01,1 a2 "‘al,m:I Big 02
Az1 Q22 " Qm
[@1n Q2,m |
E lu P ()
(2, ) 7]
Hence, from the formula (2.8) we obtain that:
T a1 Qa2 det((AA*),)
T2 a12 G2 det(AA*)
Ti3 |= | 213 Q23
det((AA*),)
- G G2 det(AA*)

Therefore, a solution of the system (2.20) is given by:

o [RANY | filpA
=01 | T et (AAY) 2| "det(AAY)
ie,
by (L1, lo) 2] by
by ||l (la, ) by
Iy =a a
R T RS e TS
(I, 1) |||l (lo,lh) |l
ie.,
bllLa)|? — bo(ly, la) ballla || — by (la, Uy)

2+021

IR TN ETATER A AT 2 l2l2? = 1{h, &)1

billla||* — ba(ly, l2) - ballly||? — bi{la, 1y)

To

= a 1
PHalENE? = G )2 T 2 alPel? = (G, L)

16
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(2.22)



oy, DLl — bl l) L ball |~ b, )
S Y T R WS e T T e [ORATE

I

(2.23)

Now, we shall apply the foregoing formula to find the solution of the following
system

1 +z3=1, (2.24)
-1 4+ 73+ 13 = -1

If we define the column vectors

1 —1
£]= 1 ,12= 1
0 1

1 10 Ty
and A* = [1 1
-1 1 1

i |
Now, det(AA*) = [[L|*[|i]|* — |(h, L)1 = L lP]lE2]l? = 6

Here, A = !

1 -2
& = ziTg= 6'£3 = ?

Example 2.2.6.

Consider the following general case of system (1.2)

§
11T + 1222+ ... + QT = by

a21T1 + A22%2 + ... + Qo mTm = by (2.25)

L@n1T1 + @n2T2 + ... + QT = by,

17



Then, if {l;,ly,...,1,} of orthogonal sets in R™ , we get

Iulr 0 - 0

0 Bl e B
sty | i) |

I R Y

and the solution of the system (2.3) is very simple and given by:
zi=Y_a;bjllll72,i =1,2,...,m. (2.26)
j=1

Now, we shall apply the above formula to find the solution of the following
system:

~Zi—fa+T3+Ty=1,
—L)+ L3 —Zs+ T4=1, (2.27)
Ty — Ty — T3+ x4 = 1.

If we define the column vectors

-1 -1 1
-1 1 -1
L, = o = il =
L PR ] TR 1
] 1 1
-1 -1 1
-1 -1 1 1
1 1 =i
Here, A=]-1 1 -1 1| and A* = . 1
1 -1 -1 1
i (A (S

Then, {l1,1s,13}is an orthogonal set in R* and the solution of the system

is given by:
% -1 -1 -1 3
e T K T e T L e 5171:11‘-

1 4 4

18



Chapter 3

VARIATIONAL METHOD TO OBTAIN
SOLUTIONS SYSTEM Ax =b, WHERE A
IS A RECTANGULAR MATRIX

In the previous chapter we find out a formula for one solution of the
system (2.3) which has minimum norm. But it is not the only way to find
the solution of this equation. Now, in this chapter we will find a variational
method to obtain solution of (2.3) of minimum norm.

Consider the quadratic functional j: R* - R
: 1 “ n
i(§) =35l € A€l €* —(b,), V&€ R™ (3.1)

Proposition 3.0.1. For a given b € R" the equation has a solution € R™
if and only if,
(z, A*E) — (b,€) =0, VE€R". (3.2)

Lemma 3.0.2. Suppose the quadratic functional j has a minimizer & € R™.
Then,
Ty = A" (3.3)

is a solution of (2.3).

Proof. We have

i€ = 1€l - (,8), Veee B

1
= §{AA"£,§) — (b,§), VE€R"

Then, if &, is a point where j achieves its minimum value, we obtain that:
d,. -
d_g{.?}('fb) = AA*G - b=0.

19



So, AA*&, = b and X, = A*&, is a solution of (2.3).
O

Theorem 3.0.3. The system (2.3) is solvable if and only if the quadratic
Junctional j defined by (3.1) has a minimum value for all b€ R™.

Proof. Suppose det(AA*) # 0 is solvable. Then, the matrix A is an operator
from R™ to R™ is surjective.
Hence, from the above lemma there exist v > 0 such that

lA*€l? > Yl€l?, € € R™

Then, :
3(6) > eI ~ lleliell, & € R™

Therefore,

limy €]l = 00j(€) = oc.

Consequently, j is coercive and the existence of a minimum is ensured. 0O
Example 3.0.4.
Consider the system with linearly dependent rows

1+ ZTo+ 23+ = 1,

22, + 229 + 223+ = 2.

In this case n=2 and A = b hodt y D= ;
2 22 2
Now, )
r 1.2
I 3 6
AA® = 1 3 = _
2 2 2 6 12
" 1 2
20



Therefore the critical points of the quadratic functional j given by (3.1)

satisfy the equation:

AXE=)
ie.,
3 +68 =1
66 + 126, =2
1-6
§&1= 3 b2
le.,
1
=g 26,.

So, there are infinitely many critical points given by
Loy
&= [3 a] , a€R

Hence, a solution of the system is given by

L 2] by %—2a+2a
e, R i )
=A% 1 2 2a + 2a
1 2

21
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